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The following conjecture may have never been explicitly stated, but seems to have been
floating around: If the vertex set of a graph with maximal degree A is partitioned into
sets V; of size 24, then there exists a coloring of the graph by 2A colors, where each color
class meets each V; at precisely one vertex. We shall name it the strong 2A-colorability
conjecture. We prove a fractional version of this conjecture. For this purpose, we prove
a weighted generalization of a theorem of Haxell, on independent systems of represen-
tatives (ISR’s). En route, we give a survey of some recent developments in the theory
of ISR’s.

1. Independent systems of representatives

Consider a graph G and a partition Vi, Vs, ..., V,, of its vertex set. A choice
of one vertex from each set V; is called an independent system of repre-
sentatives (ISR) if the selected vertices are non-adjacent in G. An ISR for
a partial family of Vi, Va,...,V,, is called a partial ISR. When wishing to
stress that an ISR is not properly partial, that is, it is for the entire family
Vi, i <m, we sometimes call it a total ISR. The requirement that the sets
V; are disjoint is made here only for sake of convenience. The general case,
in which the sets may intersect, can be reduced to the case of disjoint sets
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by the following device. Given a vertex x, form a copy of z for each ¢ such
that x €V}, and put this copy in V. In the resulting graph connect all copies
of x to each other. The newly formed sets V; are disjoint, and an ISR for
them in the resulting graph corresponds in a natural way to an ISR in the
original graph.

Independent systems of representatives arise in various contexts, for ex-
ample in hypergraph matchings and in graph colorings and list colorings.
Algorithmically, the problem of determining whether a family of sets has an
ISR is NP-complete. This is shown, for example, by the fact that the problem
of determining whether a 3-uniform 3-partite hypergraph with equal parts
has a perfect matching can be reduced to it. Thus a good characterisation
for the existence of ISR’s cannot be expected. But recently some results have
been found providing sufficient conditions. One of these, due to Haxell, is
that if all V;’s are of size at least 2A(G), then there exists an ISR (see Corol-
lary 3.2 below). But there are quite a few indications that something much
stronger is true: under this condition, there exists a decomposition of V(G)
into max <<, |Vi| partial ISR’s. This conjecture does not appear in the lit-
erature, but it seems that authors, like Alon and Haxell, who have studied
partition-compatible colorings of graphs as above (these are called “strong
colorings”), have suspected it. We shall call it the strong 2A-colorability
conjecture. One aim of this paper is to prove the fractional version of this
conjecture, namely, that under the above condition the characteristic func-
tion of the vertex set of the graph is the sum of the characteristic functions
of partial ISR’s, each multiplied by some coefficient, and the sum of these
coefficients is maxi<j<p, |Vi|.

In order to prove this, we shall need a result relating the maximal total
weight of an ISR in a graph with given weights on its vertices, to a weighted
domination parameter that is defined below.

But first, let us describe some general results on ISR’s.

2. Topology and domination

An interesting recent development in the theory of ISR’s is the application
of topological methods. The basic result in this direction is formulated in
terms of the topological connectivity of the complex of independent sets in
the graph.

A non-empty collection C of sets is called a simplicial complex if it is
hereditary, namely if o € C and 7 C ¢ imply 7 € C. It is well known (see
e.g. [6]) that every simplicial complex has a unique (up to homeomorphism)
geometric realisation, namely an embedding in some space R", in which ev-
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ery simplex o €C is realized as a homeomorph of a simplex in R"™. We shall
identify a complex with its geometric realisation. The topological connec-
tivity of a simplicial complex C is the largest number ¢ such that for every
number k < ¢, every embedding of the k-dimensional sphere S* is extendable
to an embedding of the k+1-dimensional ball B*¥*! in C. The connectivity of
a complex may be infinite. The connectivity of C, plus 2, is denoted by 1(C)
(the reason for this definition is that the addition of 2 makes the formulation
of some results more elegant).

For a graph H, we denote by Z(H) the simplicial complex consisting of
all independent sets of vertices in H.

As before, let V;, i <m, be a partition of the vertex set of a graph G.
Given a vertex ve V(G), we write i(v) for the index i for which veV;. For a
set Z of vertices we write I(Z)={i(z): z€ Z}. As usual, we denote the set
{1,...,m} by [m]. Given a subset I of [m], we write V7 for (J;c; V;.

The link between topological connectivity and ISR’s was established
in [5], in which the following is implicit (see also [15], where it was first
explicitly formulated):

Theorem 2.1. If for all I C[m]
n(Z(GVi])) = ]
then the partition (V;:i<m) of V(G) has an ISR.

To exemplify these notions and the above theorem, consider a bipartite
graph G, whose sides are the two parts V; and V5 of the given partition. In
this case there exists an ISR if and only if the graph is not complete bipar-
tite. But not being complete bipartite means the existence of a connection
in Z(G) between the two simplices V; and Vs of Z(G). Thus, not being com-
plete bipartite is tantamount to Z(G) being connected, which, in the above
terminology, means being 0-connected, which means that 7(Z(G)) > 2. Thus,
in this example, the condition of the theorem is not only sufficient, but also
necessary.

In order to apply Theorem 2.1 in combinatorial settings, it suffices to
prove results of the type “n > ", where ¢ is some combinatorially defined
parameter of graphs. This would mean that in the theorem one can replace
1 by ¢. Indeed, such results have been found. In all of them, ¢ is some kind
of domination number. Here are some definitions pertaining to domination
in graphs.

For a vertex z in a graph we write N (z) for the punctured neighborhood
of z, namely the set of vertices adjacent to . We write N(z)=N(z)U{z}.
For a set X of vertices we write N(X)=J,cx NV (z) and N(X)= Usex N(z).
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Definition 2.2. Let H be a graph and X a subset of V(H). A subset
D of V(H) is called X-dominating if X C N(D). A V(H)-dominating
set is simply called dominating. A set D is called totally dominating if
V(H)=N(D).

The following are some graph parameters measuring how hard it is to
dominate the graph:

e The domination number, v(H), of H is the smallest size of a dominating
set.

e The total domination number, 7(H), of H is the minimal size of a totally
dominating set.

e The edge domination number, v*(H), of H, is the minimal number of
edges whose union (namely, the set of all vertices appearing in them) is
a dominating set.

e The independent domination number, iy(H), of H is the maximum, over
all independent sets I in H, of the minimal size of a set dominating I.
The bi-independent domination number, ivi, of H is the maximum, over
all independent sets I in H, of the minimal size of an independent set
dominating I.

e A function f: V(H) — R™" is called fractionally dominating (or simply
dominating if it is clear from the context that the dominating object in
question is a function) if Xcn(y)f(u) > 1 for every vertex v. It is called
weakly dominating if Euemv)f(u) +deg(v)f(v) > 1 for every vertex v.
The minimal sum of the values of a dominating function in H is denoted
by v*(H). The minimal sum of values of a weakly dominating function
is denoted by ~; (H).

Here are some results relating domination parameters and the connectiv-
ity parameter n:

e 1(Z(G))>iv(G), in fact even n>ivyi ([5]).

e 1(Z(G)) > 7(G)/2 ([15], see also [3]. The combinatorial corollary was
proved earlier, by Haxell [11], as is described in the next section).

e 1(Z(G))>~*(G) (implicit in [15] and [3]. Also follows directly from the
main result of [16]).

o n(Z(G))=7,(G) [16].

In [16] there was proved a theorem from which all the above results follow
directly. Here is a formulation of it, not explicitly given in the original paper,
but easily derivable from the proof of the main result:
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Theorem 2.3. Let 1 be a function from the class of graphs to the set of
positive integers together with co. Suppose that i satisfies the following
properties:

(i) ¥(Ko)=0,

(ii) For every graph G there exists an edge e=(x,y) of G such that

V(G —e) > Y(G)
(where G —e is obtained from G by the removal of €), and
(G = N({z,y})) = ¥(G) - L.
Then n(Z(G)) >1)(G).

In fact, there is a maximal function )y satisfying the conditions of the
theorem. It is best described in terms of a game between two players, (I)
and (II). Player (I) wants to maximize the function 1 in the theorem (and
hence prove that 7 is large), while player (II) wants to minimize 1. Player
(I) selects an edge e = (z,y) in the graph given at the present stage of the
game. Player (II) chooses between two possibilities: he either (1) deletes e
from the graph, or else (2) deletes all neighbors of x and y (including, of
course, = and y themselves). The game ends when either there remains an
isolated vertex, in which case 1 is defined as oo, or there are no remaining
vertices, in which case 9 is defined as the number of moves of Player (II) of
type 2.

We define 1o(G) as the maximal value of ¢(G) Player (I) can achieve in
the game. Theorem 2.3 then states that n(Z(G)) > 1o(G). We suggest the
following conjecture:

Conjecture 2.4.
n(Z(G)) = ¢o(G).

In general, v cannot be bounded from above in terms of iy. For example,
the line graph of the hypergraph ([Ti}) satisfies iy =1, y=n (this example
is due to Roy Meshulam [17]). But there are interesting classes of graphs
for which iy=+. We shall call a graph stably wide if this property holds for
each of its induced subgraphs.

In [2] it was shown that chordal graphs are stably wide. Another inter-
esting class of stably wide graphs is that of cycles of length 3%k (in which
iy=~=k. It is possible to show that for such graphs also n(Z(G))=k).
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3. Haxell’s theorem

As already noted, each of the results in the list in the previous section,
combined with Theorem 2.1, yields a combinatorially formulated sufficient
condition for the existence of ISR’s. The combination of the second result
in the list with the theorem yields that if 4(G[V7])/2>|I| for every I C [m)]
then there exists an ISR. In fact, this was proved before Theorem 2.1, in a
combinatorial way, in [11]. Let us re-state it a bit differently:

Theorem 3.1. If5(G[V;]) >2|I|-1 for all I C[m], then there exists an ISR.

In [11] a special case of this theorem is proved, but the proof actually
yields this result. We denote by A(G) the maximal degree of a vertex in G.

Corollary 3.2. Any partition V;, i <m of V(G) into sets of size at least
2A(G) has an ISR. In fact, given any vertex v, there exists an ISR contain-
ing v.

Proof. Consider the system of sets (Vj: j #i(v)), together with the sin-
gleton {v}. Our aim is to show that this system has an ISR in the graph
induced on its union by G. Every k sets in this system contain together at
least 2A(k—1)+1 vertices, and hence need at least (2A(k—1)+1)/A>2(k—1)
vertices to totally dominate them. Thus the condition of the theorem holds,
proving the existence of an ISR.

It is known that the corollary is sharp: in [18] an example is given of a
graph G and a partition of G into 2A(G) sets, each of size 2A(G)—1, having
no ISR.

Theorem 2.1, together with the fact cited above that n > iy, yield the
following analogous corollary:

Corollary 3.3. If G is stably wide, then any partition V;, i <m of V(G)
into sets of size at least A(G)+1 has an ISR. In fact, every vertex belongs
to some such ISR.

(The number is A+ 1, rather than A, since i is equal to 7, not to 4.)

Corollary 3.3 implies, for example, a conjecture of Du, Hsu and Hwang
(see [7]), that in any partition of a cycle of length 3k into k sets of size 3
there exists an ISR. In [8] this conjecture was proved in the stronger form
of strong colorability. But the corollary yields the following stronger result:

Corollary 3.4. If G is the disjoint union of cycles of length divisible by 3,
then in any partition into sets of size 3 there exists an ISR.
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For further applications of Theorem 3.1, we shall need a refinement of it.
Namely, we need more precise information on the dominating set, in case
that an ISR does not exist.

Theorem 3.5. If there does not exist an ISR, then for some I C[m| there
exists D CVy, of size at most 2|1|—2, that totally dominates G[V]. Further-
more, D can be written as X UY, where

(i) Y] <1,

(ii) The vertices of Y form a (strictly) partial ISR for the family (V;,i €
I), and

(iii) The subgraph G[D] induced on D is the union of stars, covering the
entire set D, whose centers belong to X and the ray-vertices belong to Y
(in particular, | X|<|Y]).

All this is implicitly proved in [11]. But since this is not quite transparent
from the proof there, we provide here a full proof.

Proof. Let J C[m| be a set of maximal cardinality such that (V;:je€J) has
an ISR. By assumption, J # [m]. Choose any ¢ € [m]|\J and any vertex z; € V;.
Among all ISR’s of (Vj: j € J) choose one, say Ri, such that z1 has a minimal
number of neighbors in R;. Let ¥; be N (x1)NRy. Clearly, Y7 is non-empty,
or else R1U{x1} would be an ISR for JU{i}, contradicting the maximality
property of J.

If Dy ={z1}UY1 is totally dominating in G1=G[Vy(p,)] then the theorem
is proved, with I =JU{i}, D=D;, X ={z1} and Y =Y]. Thus we may assume
that there exists a vertex xo of G1 not dominated by D;. Since G[D;] does
not contain isolated vertices, xo & D;.

Among all ISR’s of J agreeing with Ry on I(D;)\{i}, pick one, say Ra,
such that zo has a minimal number of neighbors in Ry. Denote by Y5 the
set of neighbors of x5 in Ry. Suppose that Yo=0. If 25 € V; then JU{i} has
an ISR, contradicting the maximality of J. If x5 € V; for some j € I(R;) then
replacing the representative of V; in Ry by z results in an ISR in which
x1 has fewer neighbors than in R;, contradicting the minimality property
of R;. Thus Y, can be assumed to be non-empty.

Let Dy ={z1,22}UY;UY5, and let GQ:G[VI(D2)]. If Dy is totally domi-
nating in G, then the theorem is proved, with I={i}U{j€I(D3)}, D= Do
and X:{[Ijl,xg}, Y =Y,UY5.

Thus we may assume that there exists a vertex x3 of G2 not dominated
by Ds. The argument now goes on as before. Since our setting is finite (for
example, m is finite), this process must terminate at some point, yielding
the theorem.
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Remark. The topological proofs of the theorem do not yield Theorem 3.5
in full. But in [4] a topological proof is given for a substantial part of it: the
missing point is that Y forms a partial transversal. It is proved there only
that Y can be assumed to be independent.

4. Weighted domination

To the setting of a graph G with a partition Vi, Vs,...,V,, we now add an-
other element: a real valued weight function w on V. We write v, for the
maximal possible total weight of an ISR, namely v, =max} __pw(z), where
the maximum is taken over all partial ISR’s P. The origin of this notation
is in the notation for the maximal total weight of a matching in a weighted
hypergraph. Indeed, our results generalize the theory of weighted match-
ings in hypergraphs, in the same way that ordinary ISR theory generalizes
matching theory for hypergraphs. Since we allow partial ISR’s, we may ig-
nore all vertices with non-positive weight w, and hence we may assume that
all weights w(z) are positive.

Given any real-valued function A on a set S, and a subset T of S, we
write h[T] for >, . h(t). We also write |h| for h[S]. A pair of non-negative
functions g: [m] —R™ and f: V —R™ is said to be w-dominating if for every
vertex x we have

9(i(x)) + fIN(2)] > w(z).

For such a pair of functions (not necessarily dominating) we write

(g, P = lgl + 1£1/2.

We write 7, for min{|(g, f)|: (g, f) is dominating}.
Our main theorem is:

Theorem 4.1. 7, <1,.

This is a generalization of the weighted version of Kénig’s theorem. Un-
derstanding why this is so can clarify the definition of 7,,, and in particular
the factor % on |f| appearing in it.

The setting of the weighted version of Konig’s theorem is that of a bi-
partite graph with sides A, B and a weight function w on its edges. A
pair of functions g : A — RT, g: B — RT is said to be dominating if
g(a)+ f(b) > w((a,b)) for every edge (a,b). The theorem then says that
the maximal sum of weights of edges in a matching is equal to the minimum
of |g|+1f| over all dominating pairs (g, f).
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This setting can be transformed into ours, as follows. Assign a vertex
x(e) to each edge e of the graph, and a set V; to each vertex v; in the first
side of the graph. Put z(e) in V; if e is adjacent to v;. Finally, form a graph
G on the set of vertices z(e), e € E by joining x(e) to z(e’) if e,e’ meet
in the second side of the graph. Thus every vertex b € B corresponds in G
to a clique Cp. But in our setting a vertex does not dominate itself, and
hence in order to dominate Cj, instead of a value f(b) assigned to b by the
dominating function in Ko6nig’s theorem, we need to assign the value f(b)
to two vertices in Cp. To return to the original weighted version of Konig’s
theorem, a factor 1/2 in the measuring of the weight of f is needed.

In fact, we shall need a strengthened version of Theorem 4.1. For every
1<i<m let t;=max{w(y): y€V;}.

Theorem 4.2. 7, < v,,. Furthermore, it is possible to find a dominating
pair of functions (g, f) of weight at most v, such that

(%) f(x)+g(i(r)) <tj(s) for every vertex x.

If all weights w(v) are integral, then g and f can also be assumed to be
integral.

Before proving the theorem, let us explain why it is a generalization of
Theorem 3.1. In the setting of the latter, w=1. Assume that Theorem 4.2
is true, and consider the case that there is no ISR, namely v, <m. Then,
by Theorem 4.2, there exists an integral valued dominating pair of functions
(g, f) such that |(g,f)]<m. Clearly, it is possible to assume that both g
and f are 0,1 functions. Let I={i: g(i)=0}. Then the support of f totally
dominates G[V;]. By Condition (*) in Theorem 4.2, the support of f is
contained in V7. The fact that |(g,f)] <m —1 means that |f| <2(|I|—1),
namely 5(Gr) <2(|I|—1), which is the desired conclusion in Theorem 3.1.

The reverse inequality in Theorem 4.1 is generally false. In fact, there is
no upper bound for v, in terms of 7. To see this, for any positive integer
k let G be the complete bipartite graph G = Ky 1, let m = 2k and let
(Vi,..., Vo) be a partition of V(G) into singletons. Let w=1. Then 7,,=1
and v, =k.

Proof of Theorem 4.2. By an approximation argument we may assume
that the weights are rational. Multiplying by the common denominator of
the weights, we can then assume that all weights w are integral. The proof
will be by induction on w[V]. In the case w[V]=0 there is nothing to prove.
Let now s be an integer, such that the theorem is true for w[V]<s. We shall
prove the theorem in the case that w[V]=s.

For each i <m let M;={z€V;: w(x)=t;}, namely M, is the set of vertices
of maximal weight in V;. If the sets M; have an ISR, then v, =) t;, while
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the pair of functions defined by f=0, ¢g(i)=t; is dominating. Clearly, (*) is
satisfied in this case, and since |(g, f)| = >_t;, the theorem is proved. Thus
we may assume that the sets M; do not have an ISR in the subgraph H
of G induced on their union. By Theorem 3.5, there exists then a non-
empty subset I of [m], and a totally dominating set D in H[Mj] of the form
D =XUY, where Y is a properly partial ISR for the sets M;, i € I, and
the graph induced by G on D is a union of stars, having centers in X and
ray-vertices in Y.

Define a weight function w’ by w’(v) = w(v) — [N (v) N D|. Remove all
vertices with non-positive w'. If (¢/, f') is a dominating pair for w’, then
(¢, f+xp) is a dominating pair for w, where x p is the characteristic function
of D. Clearly, also, if (¢, f') satisfies (*) for w’, then (¢, f'+ xp) satisfies
(*) for w. By the induction hypothesis there exists a dominating pair (¢', f/)
for w' satisfying (*) and |(¢/, /)| < v Since (¢, f'+xp)|=(g', £)|+'5), in
order to complete the proof it suffices to show that vy, > v, + |D|/2. Since
|D|<2|Y], it suffices to show vy, > vy + Y.

Choose an ISR T with w'[T] =v,,, having the additional property that
its intersection with Y is maximal. We claim that every vertex y € Y\ T is
connected to some vertex in T'. Assume that this is not the case for some y €
Y \T. By the domination property of D, every remaining vertex = satisfies
w' () <ti(y)—1. Since w'(y) =t;,) —1, taking y instead of the representative
in T of i(y) yields an ISR T" with w/(T") = «'[T] and |T'NY| > [T NY],
contradicting the maximality property of T'.

By the definition of w’ it follows that w'[T] <w|[T|—|Y|, implying 14, >
vy +1Y], as required.

We conjecture that a similar weighted extension holds for the result of [5].
That result states that if iy(G[V7]) > |I] for all I C [m] then there exists
an ISR. The weighted version should be:

Conjecture 4.3. Let (V4,...,V,,) be a partition of the vertex set of a
graph G, and let a nonnegative weight w(v) be given for every vertex v
of the graph. Then there exists a system of weights g(7), 1<i<m, such that
for every independent set I there exists a nonnegative real valued function
f on V(Q), satisfying the conditions:

(1) g(i(v)) + f[N (v)] > w(v) for every ve I, and

(2) lgl+1f < v

If true, this conjecture would imply, in a way similar to the proof in [1],
a weighted version of Ryser’s conjecture for 3-partite 3-graphs, as follows:
assume that to every edge e of a 3-partite 3-graph H there is assigned a
non-negative real weight w(e). Then 7,(H) < 2v,,(H), where in this case
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Tw(H) is defined as min{}_ f(v): >, c. f(v)>w(e) for every ec E(H)} and
vy (H) is the maximal sum of weights of a matching in H.

5. Strong colorability and strong choosability

Definition 5.1. Let Vi,V5,...,V,, be a partition of the vertex set of a
graph G. A proper coloring of G is said to respect the partition if each
color meets each V; at most once.

In other words, a coloring respects the partition if it is a proper coloring
of the graph obtained from the original graph by adding to it cliques on all
sets Vj.

Definition 5.2. A graph G is said to be strongly k-colorable if for every
partition of its vertex set into parts of size at most k, there is a coloring of
G by k colors, respecting the partition. A graph is called strongly k-choosable
if for every partition of its vertex set into parts of size at most k, and each
assignment L(v) of a list of colors of size k to each vertex v, there is a coloring
¢ of G respecting the partition, such that c¢(v) € L(v) for every vertex v.

It is known [9] that the disjoint union of cliques of size k is strongly
k-choosable (or, equivalently: the line graph of a bipartite graph I" is A(I")-
choosable). It is also known [8] that a cycle of length divisible by 3 is strongly
3-choosable.

In [13] it was proved that every graph is strongly 3A—1-colorable, where,
as usual, A denotes the maximal degree of a vertex in the graph. Here is
a short proof of a slightly weaker result. It is based on an idea from the
original proof, but it uses Theorem 3.1 directly, rather than going into its
technique of proof as is done in [13]. Our proof also yields a stronger result
for stably wide (for example, chordal) graphs.

Theorem 5.3. (i) Every graph is strongly 3A-colorable. (ii) Every stably
wide graph is strongly 2A+ 1-colorable.

Proof. Let V;, i <m be a partition of V(G) into sets of size at most 3A. By
adding isolated vertices, if necessary, we can assume that in fact |V;|=3A
for all 7. Let ¢ be a maximal partial proper coloring of G with 3A colors,
respecting the partition. Assuming the negation hypothesis, there exists a
vertex v not colored by ¢. Without loss of generality, v € Vi, and thus there
exists a color, say 1, not appearing in V7. From each set V; containing a
vertex (say u;) of color 1, remove all vertices whose color appears among the
neighbors of u;. Let V/, i <m be the resulting sets (V;/ =V; if V; does not
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contain a vertex of color 1). Since |V;| >3A, we have |V/|>2A, and hence
by Corollary 3.2 the sets V; have an ISR T' containing v. Color the vertices
of T by color 1. For each ¢ such that V; contains a vertex wu; colored 1 by c,
color u; by ¢(t), where t € TNV/. Since t € V/, no vertex adjacent to u; is
colored by ¢(t), and hence this coloring is proper. The number of vertices
colored by the resulting coloring is greater by at least one than the number
of vertices colored by ¢, contradicting the maximality property of c.

The proof of Part (ii) of the theorem follows the same outline, the differ-
ence being the use of Corollary 3.3 instead of Corollary 3.2.

In [14] Haxell showed that the term 3A in Theorem 5.3 can be replaced
by (3—¢€)A for some small number e. By the remark following Corollary 3.2
it is impossible to replace the number 3A by a number smaller than 2A.
But the following is plausible:

Conjecture 5.4. Every graph G is strongly 2A(G)-colorable.
Possibly, something even stronger is true:
Conjecture 5.5. Every graph G is strongly 2A(G)-choosable.

In the spirit of the special role played by stably wide graphs in Theo-
rem 5.3, it is tempting to conjecture that for such graphs the conjecture can
be improved to A+ 1-choosability. But this is false, as is witnessed by the
following example of Stiebitz: let G be the disjoint union of a 6-cycle and a
triangle. Then G is stably wide, but not strongly 3-colorable. (To see that G
is not strongly 3-colorable, take the partition of V(G) into 3 sets of size 3,
each consisting of one vertex from the triangle and two antipodal vertices
from the 6-cycle.) However, we propose the following:

Conjecture 5.6. A chordal graph G is strongly A(G)+1 choosable.

For m=2 (that is, for partitions of the graph into two sets of size A+1)
it is not hard to show that the conjecture is true even for graphs with no
induced cycles of length 4.

A supporting piece of evidence for the possible validity of the extension of
Conjecture 5.4 from colorability to choosability is that it is true for m=2,
namely when the graph is partitioned into two sets of size at most 2A.
The strong colorability, namely the 2A-colorability of the graph obtained
by adding cliques on each of the two sets, follows then easily from Hall’s
theorem. The 2A-choosability follows from the following theorem (which we
suspect to be known but is perhaps not written up anywhere):
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Theorem 5.7. The list-chromatic number of the complement of a bipartite
graph is equal to its chromatic number.

Proof. Let G be the complement of a bipartite graph on n vertices. Since
G is perfect, its chromatic number k is equal to its clique number. This, in
turn, is equal to the independence number of the complement G of G, which
is n—7(G), which by Koénig’s theorem is equal to n—v(G).

Let a list L(v) of n—v(G) permissible colors be given for every vertex
of G. Let M be a matching of size v(G) in G. Assume, first, that there
exists an edge (z,y) € M such that L(x) and L(y) share a color ¢. Define
L'(z)=L(2)\{c} for all ze V(G), and delete x and y from the graph. The
resulting graph G’ satisfies v(G’) = v(G) — 1, and hence by an inductive
hypothesis it has a proper coloring from the lists L'(z). Coloring then both
x and y by ¢ completes this to a proper coloring of G from the lists L(z).

Assume next that for every (x,y) € M we have L(x)NL(y)=0. We claim
then that it is possible to select a system of distinct representatives from
the lists L(z), which forms then the desired list coloring. For this purpose,
we need to check Hall’s condition, namely that

Uz

z€Z

> |Z]

for every set Z of vertices. If Z contains a pair x,y of vertices adjacent in M,
then |J,c, L(2)| >2(n—v(G)) >n>|Z|. If Z does not contain such a pair,
then Z <n—v(G)=|L(z)| (where z is any vertex of Z) and hence the desired
inequality is satisfied also in this case.

We shall prove here a fractional version of Conjecture 5.4. Fractional
k-choosability, when formulated properly, can be shown to be equivalent
to fractional k-colorability. Hence, in fact, we shall show fractional strong
2A(G)-colorability of any graph G.

We say that a graph G is fractionally strongly k-colorable if, for every
partition of V(G) into sets V; of size at most k, the fractional coloring number
of the graph obtained by adding cliques on all V; is at most k.

Theorem 5.8. Every graph is fractionally strongly 2A-colorable.

Proof. Let V;, i <m be a partition of V(G) into sets of size at most 2A.
As before, we may assume that in fact |V;| = 2A for all i. Let 7 be the
set of all partial ISR’s of this system. What we have to prove is that there
exists a function ¢: 7 —R" such that |¢| <2A and > ¢(T) >1 for every
vertex x. Since each V; is of size 2A, and every vertex in each V; is met by
every partial ISR in at most one vertex, this implies that in fact ¢ is positive
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only on total (rather than partial) ISR’s, and that every vertex is covered
by ¢ precisely once. In other words, c is a perfect fractional matching for 7.

By the above, the theorem is equivalent to the claim that v*(7") =2A.
Suppose that v*(7) < 2A. By the duality theorem of linear programming,
we have 7%(7) <2A. That is, there exists a weight function h:V(G)—R™T,
with |h|<2A, such that A[T]>1 for every total ISR T

Let w(v) = 1— h(v) for every vertex v. Then w[T] < m —1 for every
ISR T. By Theorem 4.2 there exists therefore a w-dominating pair (g, f) of
functions, where g: [m] —R™, f: V—R" and |(g, f)| <m—1. Recall that the
domination property of (g, f) means that w(z) < g(i(z))+ f[N (z)] for every
vertex . Summing these inequalities over all vertices x, and remembering
that every i < m appears 2A times as i(z) and each vertex appears in at
most A neighborhoods N (z), yields that

w]| <24[g| + A[f] = 24(g, f)| <24A(m —1).

But since |h| <2A we have |w|=3}" ., (1—=h(v)) =|V|—|h|=24m — |h| >
2A(m—1), a contradiction.
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